In this paper we study the properties of QCD at nonzero chiral density ρ5, which is introduced through chiral chemical potential µ5. The study is performed within lattice simulation of QCD with dynamical rooted staggered fermions. We first check that ρ5 is generated at nonzero µ5 and in the chiral limit observe ρ5 ∼ Λ 2 QCD µ5. We also test the possible connection between confinement and topological fluctuations. To this end, we measured the topological susceptibility χ top and string tension σ for various values of µ5. We observed that both string tension and chiral susceptibility grow with µ5 and there is a strong correlation between these quantities. We thus conclude that the chiral chemical potential enhances topological fluctuations and that these fluctuations can indeed be closely related to the strength of confinement.
I. INTRODUCTION
Quantum Chromodynamics (QCD) is believed to be the theory of strong interaction. While microscopic QCD Lagrangian is well known, the theory itself is extremely complicated and possesses a plenty of not fully understood nontrivial properties and phenomena. The most well-known examples include color confinement and chiral symmetry breaking.
One of the possible ways to shed light on these phenomena and their mechanism is to investigate QCD or QCD-like theories under extreme conditions. These extreme conditions include finite temperature studies [1] [2] [3] [4] , the influence of large magnetic field on QCD properties [5] [6] [7] [8] [9] , QCD and QCD-like theories at finite baryon density [10] [11] [12] [13] [14] [15] [16] [17] and QCD at finite isospin density [18] .
Among others are the properties of QCD at nonzero chiral density. Systems with nonzero chiral density attract considerable attention because of unusual phenomena which take place in such systems. The renowned example of such phenomena is the chiral magnetic effect (CME) [19, 20] , the appearance of electric current in chiral medium along applied magnetic field. Nonzero chiral density can be generated in heavy ion collisions either due to sphaleron transitions in quark-gluon plasma [21, 22] or due to the axial anomaly in parallel electric and magnetic fields [23] . There are a lot of studies of QCD properties with chiral density which is introduced through nonzero chiral chemical potential [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
One of the interesting questions which can be addressed is how the confinement and the chiral symmetry breaking in QCD are affected by nonzero chiral density. The influence of nonzero chiral chemical potential on the chiral symmetry breaking was considered in a number of theoretical papers [24-28, 32, 35] as well as in the lattice studies [33, 34] . Today it is clear that in any system the chiral chemical potential either creates or enhances the dynamical chiral symmetry breaking depending on the strength of interactions between constituents in the media. This phenomenon was called the chiral catalysis and the mechanism responsible for this phenomenon was first explained in [35] . The essence of this phenomenon is that nonzero chiral density generates additional fermionic states which take part in the formation of the chiral condensate.
In this paper we mainly address three questions. First, we show that introduction of nonzero µ 5 to the system Hamiltonian leads to generation of nonzero chiral density ρ 5 . We study its dependence within lattice simulation of QCD and compare the observed behavior with the existing models such as ChPT and NJL. Second, we study the influence of chiral density on topological structure of QCD and show that topological susceptibility χ top increases with chiral density ρ 5 . Finally, we study the confinement in QCD with nonzero µ 5 and its connection to the topology of QCD. The possible link between these phenomena was introduced in [36, 37] . Namely, the authors suggested to modify the gluon propagator to have the form G(p) = (p 2 + χ top /p 2 ) −1 due to Veneziano ghosts tunnelling between different topological sectors of QCD. This form of gluon propagator implies maximum propagation range of order χ
top and suggests enhancement of confinement with the growth of topological susceptibility. To check this connection, we study the string tension σ between heavy quark and antiquark at nonzero µ 5 and its correlation with topological susceptibility χ top . Our results support the idea that topological properties and confinement are tightly connected.
It is well known that introduction of baryon chemical potential leads to the sign problem in SU (3) theory and spoils the LQCD simulations. On contrary, introduction of the chiral chemical potential does not lead to the sign problem [19] , which allows us to carry out this study within lattice simulation of QCD.
This paper is organized as follows. In the next section we discuss the chiral density generated by nonzero chiral chemical potential in QCD. In the section III we describe the details of our lattice simulation. Our results are presented in the section IV. In the last section we discuss our results and draw the conclusions. In Appendix A we derive the chiral density for free "naive" fermions and study divergences in the chiral density.
II. NONZERO CHIRAL CHEMICAL POTENTIAL IN QCD
In this paper we are going to study the properties of QCD with nonzero chiral density ρ 5 =ψγ 4 γ 5 ψ. It is well known that nonzero baryon density can be introduced to statistical system through modification of the Hamiltonian in the partition functionĤ →Ĥ − µ d 3 xψγ 4 ψ. 1 Similarly, one can modify the Hamiltonian by the term with chiral chemical potential µ 5Ĥ
We would like to stress that the chiral chemical potential is different to the baryon chemical potential since chiral density is not conserved. There are two operators resulting in the non-conservation of the chiral density
The first operator ∼ F a µνF a µν is the anomalous contribution due to quantum corrections. The second operator ∼ mψγ 5 ψ results from the equation of motion for massive fermions. Note that chirality is not well-defined for massive fermions due to the possible spin flipping process. The dynamical fermion mass generation ∼ Λ QCD due to the chiral symmetry breaking can significantly increase the effect of spin flipping. Thus, the physical meaning of modification (1) should be discussed more carefully. It is clear that the ρ 5 operator becomes the true chiral density only in the massless limit ρ 5 m→0 = (Q R − Q L )/V . For massive quarks the meaning of the ρ 5 operator should be considered in more detail.
Chemical potential is usually introduced with respect to conserved charge. In our study we consider µ 5 ρ 5 as the new term in the Hamiltonian and the conservation of ρ 5 is not required. We expect that the modification (1) leads to nonzero averaged value of the chiral density operator ρ 5 = 0 even for nonzero quark mass. The situation with µ 5 and ρ 5 is similar to the one with the fermion mass term mψψ. The conservation of theψψ operator is not required and once this operator is introduced to the Hamiltonian it leads to the generation of nonzero condensate ψ ψ = 0. To show that it is very likely that non-zero µ 5 will result in non-zero ρ 5 generation even at finite quark mass, let us consider various models of QCD.
First, in terms of fermionic spectrum, the modification of the Hamiltonian (1) modifies the dispersion relation
, where s = ±1 is the fermion helicity. For µ 5 > 0 this implies that at fixed momentum | p| the fermion with helicity s = +1 has smaller energy than the one with s = −1. In thermodynamic equilibrium there will be a larger number of fermions with helicity s = +1 than that with s = −1. So one can expect that the modification (1) leads to nonzero helicity even at nonzero quark mass.
We proceed with the consideration of SU (N c ) QCD with finite chemical potential in the large N c limit N c → ∞. At low temperature T the chiral perturbation theory (ChPT) [38, 39] can be applied. In the leading order in 1/N c there is no contribution of the anomalous term. Modification (1) only adds the flavour singlet axial current A µ = µ 5 δ µ41 and the modification of the partition function due to the introduction of this axial current within ChPT reads
From Eq. (3) it is seen that nonzero µ 5 leads to the additional constant factor in the QCD partition function, i.e. it is not related to dynamical degrees of freedom of the ChPT. This is because the ChPT accounts the chiral symmetry breaking in QCD but it does not provide its mechanism. In more complicated models [40, 41] which consider the chiral symmetry breaking mechanism, the µ 5 couples to the scalar σ and η fields, which leads to enhancement of the chiral symmetry breaking with µ 5 and the chiral catalysis phenomenon in QCD [35] .
From (3) for two flavor QCD one has
So, one can see that the modification of the Hamiltonian (1) indeed leads to nonzero ρ 5 in the limit N c → ∞ even at nonzero quark mass.
Similar study can be carried out in the Nambu-Jona-Lasinio (NJL) model [42] , which successfully describes low energy phenomenology of QCD. Since the NJL model is usually studied within the saddle point approximation, a lot of results are obtained within the N c → ∞ assumption. Within the NJL model, the chiral symmetry breaking leads to the generation of the dynamical quark mass m ∼ Λ QCD . The calculation of the chiral density with the quark mass m ∼ Λ QCD gives ρ 5 ∼ Λ 2 QCD µ 5 (see Appendix A). This is another argument in favor of the hypothesis that non-zero chiral density can be generated at finite mass
On the one hand the approximation N c → ∞ works quite well for real QCD. So, one might expect that ρ 5 ∼ Λ 2 QCD µ 5 = 0 for N c = 3. However, the anomaly contribution which appears in higher orders ∼ 1/N c -corrections can modify the N c → ∞ result for the chiral density. To clarify the N c = 3 behavior in Section IV we conduct lattice study of chiral density ρ 5 at nonzero chiral chemical potential.
III. LATTICE SETUP
In this paper we are going to study QCD with two flavours and nonzero chiral chemical potential. To this end we perform lattice simulations with the SU (3) gauge group and employed the tree level improved Symanzik gauge action [43, 44] . For the fermionic part of the action we used staggered fermions with the action [34] 
where the η µ (x) are the standard staggered phase factors:
The lattice spacing is denoted by a, the bare fermion mass by m, and µ 5 is the chiral chemical potential. In the chirality breaking term s(x) = (−1) x2 , δ = (1, 1, 1, 0) represents a shift to the diagonally opposite site in a spatial 2 3 elementary cube. The combination of three links connecting sites x and x + δ,
is symmetrized over the 6 shortest paths between these sites. In the partition function, after integrating out fermions, one obtains the corresponding fermionic determinant. In order to obtain two flavours in the continuum limit we apply the rooting procedure.
In the continuum limit and after rooting procedure our lattice action can be rewritten in the Dirac spinor-flavor basis [45, 46] as follows
We would like to emphasize that the chiral chemical potential introduced in Eq. (5) corresponds to the taste-singlet operator γ 5 γ 4 ⊗ 1 in the continuum limit.
It should be also noted here that the baryonic chemical potential [47] and the chiral chemical potential as in [48] , are introduced to the action as the modification of the temporal links by the corresponding exponential factors in order to eliminate chemical-potential dependent quadratic divergences. For staggered fermions with the baryonic chemical potential this modification can be performed. However, in the case of µ 5 this method would lead to a highly non-local action [48] . Therefore, we introduce µ 5 in Eq. (5) in the additive way similarly to the mass term. It is known that the additive introduction of the chemical potential might lead to additional divergences in observables. In this paper we perform lattice measurement of chiral density and gluonic observables: the topological charge, the topological susceptibility and the string tension. In what follows we account ultraviolet divergences in the chiral density. We also believe that there are no additional divergences due to chiral chemical potential in gluon observables, because the chiral chemical potential term can be considered as some vertex with coupling constant of dimension of energy. It is known that the inclusion of such vertex to Feynman diagrams reduces the power of ultraviolet divergences. Since the fermion loops in QCD diverge as powers of log a, the chiral chemical potential does not give rise to additional divergences. The ultraviolet divergences in QCD with chiral chemical potential are also discussed in [33, 34] .
In the calculation we employed three different lattices with different lattice spacings to keep the physical volume fixed at approximately 1. 
IV. RESULTS OF THE CALCULATION
A. The chiral density
In this section we perform lattice measurement of the chiral density ρ 5 for all lattice spacings and pion masses under study. The chiral densities as a function of the chiral chemical potential for different pion masses and a = 0.105 fm are shown in Fig. 1 . The chiral densities for other lattice spacings look similar. For this reason we do not show them. From Fig. 1 one sees that the data are well described by the linear dependence. It turns out that the coefficient of this linear dependence can be mostly attributed to the ultraviolet divergence in ρ 5 . However, our data are rather accurate. The uncertainties of the calculation are ∼ 1%, for this reason we can extract the sub-leading terms on the background of leading ultraviolet divergence.
To proceed we need to know the structure of the divergences in ρ 5 . In Appendix A the study of the ultraviolet divergences in ρ 5 for free "naive" fermions is presented. In particular, it is shown that there are two ultraviolet divergences in the term linear in µ 5 . The leading divergence is quadratic and the next-to-leading divergence is logarithmic. Additionally, the linear in µ 5 term contains finite contribution. Finally higher terms in µ 5 expansion do not contain ultraviolet divergences.
In
The coefficients A 1 and D 1 parameterize quadratic and logarithmic divergences and E 1 parameterizes finite µ 3 5 contribution. The B 1 and C 1 coefficients account finite contributions to the term linear in µ 5 . Note that the coefficients in (8) do not coincide with that derived in Appendix A since our simulations are performed with the staggered fermions instead of "naive" fermions. It is also reasonable to expect that the one-loop coefficients are modified by the radiative corrections. In addition to (8) we are going to use the expression with smaller number of parameters
The difference between equations (8) and (9) is that the logarithmic term proportional to D 1 is included to C 2 . Notice that the possible higher order radiative corrections to ρ 5 are included to the coefficients C 2 and E 2 . We believe that this approximation should work rather well since the coefficients C 2 and E 2 parameterize sub-leading terms and the logarithm is a slowly varying function.
Further we fit our data for all lattice spacings and pion masses by formulas (8) and (9) . Considering the good accuracy of the ρ 5 measurement we believe that both fits describe our data quite well (χ 2 /dof ∼ 3), and the fit parameters are listed in Table I .
2.84 ± 0.05 8.5 ± 1.9 −0.055 ± 0.36 −0.025 ± 0.06 2.35 ± 0.15 (9) 2.84 ± 0.04 8.7 ± 1.7 0.09 ± 0.03 -2.4 ± 0.15 Table I : The results of the fit of lattice data for the ρ5 by formulas (8) and (9).
It is important to notice that the coefficient B 1 from formula (8) and the coefficient B 2 from formula (9) are nonzero and B 1 ∼ B 2 ∼ 900 MeV 2 . These coefficients parameterize the chiral density in the continuum and in the chiral limits. For this reason we can state that B 1 , B 2 ∼ Λ Our next task is to study how nonzero chiral chemical potential influences the topological properties of QCD. To this end we measure the topological charge Q and the topological susceptibility Q 2 for different values of the chiral chemical potential under study.
Our measurement of the topological charge and the topological susceptibility mainly follows [49] . We smoothen each configuration using the Gradient Flow [50, 51] . Topological charge is measured on the smoothened configurations
where U µν (x) is the plaquette at the point x in directions µ and ν. In order to reduce the lattice artifacts we used the following estimators of the topological charge Q:
where round gives the closest integer to its argument and the factor α is chosen in such a way that it minimizes
In other words, we rescale our definition of the topological charge Q L so that its peaks become closer to integer values and then round the result to this integer value. The topological susceptibility is then defined as
where V 4 is the four-dimensional volume of the lattice. We have found that for Gradient Flow times t/a 2 > 3.0 the dependence of the topological susceptibility χ top on the value of Gradient Flow time exhibits a plateau with almost no dependence on the value of t. The value at this plateau was taken as a final estimation for the topological susceptibility χ top .
Our results for the topological properties of QCD are the following. The topological charge is zero within the uncertainty of the calculations for all pion masses, lattice spacings and chiral chemical potentials under study.
The topological susceptibilities as the functions of the chiral chemical potential for different pion masses and three different values of lattice spacing a = 0.128 fm, a = 0.1054 fm, a = 0.0856 fm are shown in Fig. 2 .
Unfortunately our data do not allow us to take the continuum limit. To do this we need more data points for smaller lattice spacings and even better accuracy. Lattice simulations with smaller lattice spacing and nonzero chiral chemical potential require quite large numerical resources which are currently unavailable. However, from Fig. 2 one sees that the chiral chemical potential indeed enhances the topological fluctuations in QCD for all pion masses and lattice spacings under study. For this reason, we believe that the chiral chemical potential enhances the topological fluctuations in QCD in the continuum limit.
We believe that this observation can be understood as follows. The chiral density is a part of the chiral anomaly which implies that the change of ρ 5 can create nonzero topological charge. For this reason one can expect that the fluctuations in the chiral density lead to the fluctuations in the topological charge due to the axial anomaly. Larger chiral density generated by larger µ 5 leads to larger fluctuations of the chiral density and due to the anomaly leads to larger topological fluctuations in QCD. Our results imply that µ 5 is the parameter which allows influencing the topological sector of QCD through the anomaly equation. 
C. The string tension
In order to study how nonzero chiral density influences the confinement properties of QCD we calculated the interaction potential of static charges through the measurement of Wilson loops. To obtain reasonable signal-tonoise ratio for Wilson loops the smearing techniques were employed. One step of the hypercubic blocking [52] with parameters α = (1.0, 1.0, 0.5) [53] was performed for the temporal links only, followed by 24 steps of the APE smearing [54] with α AP E = 0.165.
The quark-antiquark interaction potential is related to Wilson loops as
This logarithm exhibits a clear plateau at large times t/a ∈ [5; 9], its height was extracted as V (R). String tension σ was obtained from fitting the potential in the range R ∈ [3.5a; L s /2] by the Cornell fit
This fit provides χ 2 /dof 1 for all values of chiral chemical potentials. To estimate systematic uncertainty the left fitting range was varied in the interval [3a; 4a] and the produced small change of ∼ 0.5% in the string tension was added to the statistical error. Change of the right boundary of R in the fit does not alter the results in a noticeable way. Statistical errors for the fit parameters were estimated with the jackknife method.
The ratios of the string tension σ to the string tension at zero chiral chemical potential σ 0 for three different values of lattice spacings a = 0.128 fm, a = 0.1054 fm, a = 0.0856 fm are presented in Fig. 3 . Unfortunately the continuum extrapolation of our results can not be performed because of quite large uncertainties. However, it is seen from Fig. 3 that the string tension rises with the chiral chemical potential i.e. with the chiral density. This is especially well seen at the smallest lattice spacing a = 0.0856 fm. top for all values of pion mass and lattice spacing under study.
D. Topological fluctuations and confinement
The phenomenon of the QCD confinement is not well understood on the present day. However, papers [36, 37] top with the growth of topological susceptibility. As one can observe from (section IV B) the topological susceptibility is enhanced by µ 5 . Thus, the confining properties, namely the string tension should also be enhanced by µ 5 and this is exactly our observation.
To further investigate this link, we put both χ
1/4
top and string tension √ σ on the same plot since we expect strong correlation between these quantities. In Fig. 4 we plot our data for all pion masses and lattice spacings in physical units. It is clearly seen that the string tension and topological susceptibility are correlated, though due to the smallness of relative change of these quantities the exact shape of this dependence (e.g. linear or quadratic) is unknown. This observation may be interpreted as an argument in favor of the mechanism presented in [36, 37] .
V. CONCLUSION AND DISCUSSION
In this paper we studied the properties of QCD at nonzero chiral density ρ 5 , which is introduced through the chiral chemical potential µ 5 . Contrary to the baryon chemical potential introduction of the chiral chemical potential does not lead to the sign problem. For this reason our study of QCD with nonzero chemical potential can be performed within lattice simulation. In the simulations we employed the tree level improved Symanzik gauge action and rooted staggered fermions which in the continuum limit correspond to N f = 2 dynamical quarks.
In the calculation we employed three different lattices with different lattice spacings to keep the physical volume fixed at approximately 1.7 fm 3 : 14 4 with a = 0.128 (3) The first observable considered in this paper is the chiral density. We found that nonzero chiral chemical potential leads to generation of nonzero chiral density in QCD. Our lattice results support ChPT formula for the chiral density
The next question is the influence of nonzero chiral chemical potential on the topological properties of QCD. To address this question we measured the topological charge and the topological susceptibility for various values of µ 5 . We found that the topological charge is zero for all values of the chiral chemical potential under investigation. On the contrary, we found that the topological susceptibility rises with µ 5 . So we conclude that the chiral chemical potential or chiral density enhance the topological fluctuations in QCD.
We believe that this observation can be understood as follows. Note that the chiral density enters the chiral anomaly which implies that the change of ρ 5 can generate nonzero topological charge. For this reason one can expect that the fluctuations of the chiral density lead to the fluctuations in the topological charge due to the axial anomaly. Larger chiral density generated by larger µ 5 leads to larger fluctuations of the chiral density and, due to the anomaly, to larger topological fluctuations in QCD.
The last observable studied in this paper is the string tension. We calculated the static potential from Wilson loops and determined the string tension for all values of chiral chemical potentials at lattice parameters studied. We found that the string tension rises with rising chiral chemical potential.
It would be interesting to understand the mechanism how confinement in QCD is enhanced by nonzero chiral chemical potential. One possible explanation can be based on the results of [36, 37] , where the authors considered the gluon propagator, modified due to Veneziano ghosts tunneling between different topological sectors, making gluons confined at typical distances ∼ χ
top where χ top is the topological susceptibility. As one can observe from (section IV B) the topological susceptibility is enhanced by µ 5 . Thus, the confining properties, namely the string tension should also be enhanced by µ 5 and this is exactly our observation.
Another possible explanation is that the gluon fields generated in the system due to fluctuations of ρ 5 might have nontrivial properties which give rise to the confinement. In particular, if the gluon fields are self-dual due to the ρ 5 fluctuations they might enhance the confinement [55] [56] [57] [58] . Unfortunately, quite large uncertainties of the calculation do not allow us to draw any strong conclusion about the origin of confinement enhancement with µ 5 . This question including the mechanism of self-dual gluon fields is the subject for further research. Institute", http://ckp.nrcki.ru/. In addition, the authors used the equipment of the shared research facilities of HPC computing resources at Lomonosov Moscow State University, the cluster of the Institute for Theoretical and Experimental Physics and the supercomputer of Joint Institute for Nuclear Research "Govorun".
Appendix A: Ultraviolet divergences in the chiral density for free "naive" fermions
To get an idea about the ultraviolet divergences in the chiral density at nonzero chiral chemical potential in this section we are going to derive the chiral density for free "naive" fermions. The fermion propagator including the chiral chemical potential for "naive" lattice fermions can be written in the following form
Here m and µ 5 are mass and chiral chemical potential in physical units, α, β are color indices, the sum is taken over all possible values of (n 1 , n 2 , n 3 , n 4 ), s = ±1 and a is a lattice spacing.
In the limit L s , L t → ∞ the chiral density in lattice units for two fermion flavours can be written as 
It should be noted here that the factor 3 in the first equality is due to the sum over the fermion colors. Now let us expand the chiral density (A2) in powers of the chiral chemical potential. It turns out that it is sufficient to keep only two terms: ∼ µ 5 and ∼ µ 3 5 . Higher order terms in this expansion do not contain ultraviolet divergences. The calculation of the integrals which appear in this expansion is rather cumbersome but straightforward. For this reason we don't show the details of the calculation. We would like only to mention that the integrals which appear in the expansion of (A2) in µ 5 can be found in [59] . The resulting expression for the chiral density ρ 5 in physical units can be written in the following form Now few comments are in order.
• From equation (A3) we notice that there are two divergences in the linear in the µ 5 term. The leading divergence is quadratic and the next-to-leading divergence is logarithmic.
• In addition to the divergences the linear in the µ 5 term contains finite contribution which is proportional to the fermion mass in the second power ρ 5 ∼ m 2 µ 5 . Now recall that in Nambu-Jona-Lasinio model [42] , which successfully describes low energy phenomenology of QCD, the chiral symmetry breaking leads to generation of the dynamical fermion mass m ∼ Λ QCD . For this reason one can expect that due to chiral symmetry breaking in QCD the renormalized ρ 5 ∼ Λ 2 QCD µ 5 . ChPT confirms this statement (see section II).
• Notice also that the logarithmic ultraviolet divergence is also possible in the µ 3 5 term. However, final result does not contain the logarithmic ultraviolet divergence.
• If one takes the chiral limit in formula (5), it is possible to get rid of logarithmic divergence as well as final term proportional to m 2 . Unfortunately it is not possible to get rid of the 1/a 2 divergence which results from the additive way of introducing the chiral chemical potential. In addition to the divergence the additive chemical potential modifies the coefficient in front of the µ 3 5 contribution. For free chiral fermions this coefficient is determined by Fermi distribution and for three colors and two flavours it is ρ 5 (µ 5 ) = 2/π 2 · µ 3 5 0.202642 · µ 3 5 ( [19] ). Comparing this value with the J 2 in formula (A3) it is seen that lattice artificial contribution is rather small but it is present. In this paper we concentrate on the linear in µ 5 term, thus the fact that the coefficient of the µ 3 5 term is modified by lattice artifacts does not affect the results of this paper.
